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ing the “core function” with a neural network, the deep-rooted information of
the system uncertainties can be extracted and then further compensated by a ro-
bust method. In addition, in this paper, the disturbance is formulated as a norm-
bounded variable, and thus the adaptive robust controllers based on backstep-
ping design and filtered variables are developed simultaneously. Finally, simula-
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1. Introduction

Manipulators are widely used in various industrial scenarios. Fig. 1 summarizes several represen-
tative applications, including intelligent manufacturing, hazard mitigation, and lifting operations. Fig.
1(c) and (d) present typical examples of heavy-duty manipulators: the former, referred to as articulated
cranes, manipulates joint angles to lift a platform to a specified height, whereas the latter is commonly
employed in ports for oil and gas transportation [1-5].

Over the past decades, the tracking problem of manipulators has attracted considerable atten-
tion. The development of tracking controllers is challenging because of nonlinear system dynamics,
input constraints (e.g., backlash, dead zones, and saturation), and the complexities introduced by
unmodeled dynamics and closed-chain mechanisms, particularly as the number of degrees of free-
dom (DoF) increases [6]. Numerous studies have investigated the control problems of manipulators
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Fig 1. typical application scenarios.

in free-motion tasks. A variety of approaches have been proposed for joint motion control, including
adaptive control [7], adaptive robust control [8], neuroadaptive backstepping sliding-mode control
[9], and model predictive control [10]. In [11], the Euler-Lagrange systems was studied well subjected
to nonparametric uncertainties, and zero-error tracking controller was developed by using a speed
function. Intelligent control strategies, such as reinforcement learning [12] and radial basis function
neural networks [13], have also been explored.

The use of neural networks (NNs) to handle model uncertainties is a widely adopted approach [14],
since it has been proven that NNs can approximate nonlinear functions with arbitrary accuracy under
suitable conditions [15]. For example, in [16], an NN was employed to compensate for dynamic uncer-
tainties, and in [17], NN-based controllers were utilized to achieve tracking control in the presence of
uncertainties for an n-link flexible-joint manipulator. The core idea of NN-based control design within
Lyapunov’s stability framework is to construct an adaptive law for each element of the weight vector
and to incorporate the approximation error into the Lyapunov function, thereby estimating the ideal
weight vector. Therefore, when the unknown function is highly complex, the number of neural net-
work nodes must be increased to enhance the approximation, which significantly enlarges the dimen-
sion of the adaptive parameters. Consequently, the online learning time may become prohibitively
long.

Disturbances are inevitable factors that limit system performance and may even affect system
stability, particularly when the system is also subject to uncertainties. In fact, disturbances can arise
from a variety of sources, such as internal noise, unmodeled dynamics, and other factors. Depending
on their source, disturbances can also be represented by different mathematical formulations, such as
external system models or norm-bounded variables [18]. An operating manipulator is often affected
by multiple types of disturbances, referred to as multiple disturbances. For disturbances that originate
from external system models, disturbance observer (DO)-based control is an effective approach. The
main idea is to construct an observer to estimate the disturbance and then feed this estimate back into
the servo system in real time, thereby enabling disturbance compensation [19-22] However, DO-based
methods often require precise model information, which introduces conservatism into the proposed
approaches.
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Motivated by these discussions, in this paper, we employ a DO-based adaptive robust control de-
sign to deal with the problem of trajectory tracking via neural-network control design for a 2-link
manipulator in the presence of multiple disturbances and uncertainties. The main contributions of
this paper are summarized as follows:

1) Combining the “core function” with neural network, an effective adaptive updating algorithm is
proposed, which can not only compensate the uncertainty of the system well, but also reduce com-
putational burden burden greatly.

2) A novel control method based on filtering variables (FV) is proposed. Different from the back-
stepping method, the proposed control design can achieve effective tracking without introducing vir-
tual control signals (see 3.2), thus reducing the complexity of controller.

2. Problem Formulation

2.1 System model without uncertainties:

The dynamic equation of an 2-link rigid manipulator system (see Fig. 2) can be described as

M(q)§+ C(q,q)q + G(q) = 7(t) — f(1), (1)

where ¢ = [q1,¢]7, ¢ = [¢1,¢2)7, and G = [G1, ¢o]” represent the angle position, velocity, and ac-
celeration, respectively. 7(t) = [r1(t), 72(t)] denote the control input. M(q) € R**? is the inertia
matrix which is symmetric and positive definite, C(q,§) € R"*" is the centripetal and Coriolis ma-
trix, G(q) € R™ is the vector of gravitational force, and f(t) € R" represents the multiple distur-
bance, which comes from modelling error, system noises and uncertainties. The detailed expressions
of M, C, G are as follows

My, Mo Ci Cha Gy
[le Mzz} ’ [021 022] ’ le]

where Mn = mllgl +m2(l% + 122 + 2l1l62 COS(QQ)) —|—Il +IQ, M12 = le = m2<122 +lllcg COS((]Q)) +IQ,
Moy = malZy+ 1, Chy = —malileago sin(qa), Cra = —malilea(qi+42) sin(ge), Cor = malileagr sin(ga),
Cao =0, Gy = (myley + maly)gcos(qr) + maleag cos(qr + g2) and G = maleog cos(qr + ).

Fig 2. Robot manipulator.

Choosing x; = g and x, = ¢ yields the equivalent form of system (1)

i’lzﬂfg

To = Mﬁl[T—f—CIQ—G]. (2)
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The control objective of this paper is to design control inputs with adaptive NN law to satisfy the
following criteria
Q; : All signals of the closed-loop system are bounded.
Qs : The output ¢(t) can follow the desired trajectory z,.

The following mild hypothesis assumptions and technical lemmas are presented to help to achieve
the control purposes.

Assumption 1: There exists a constant w such that || f|| < w.

Assumption 2: The desired trajectory z, is continuous and bounded, and its first and second
derivative are also continuous.
Lemma 1[17]: Consider system x = f(x), and assume there exist A > 0, positive definite function
V' (z), two functions 3; and [, belong to x.., real numbers ¢ > 0 such that

Bi(lz]) < V(z) < Ba(|2]),
V< — cVix)+ A, (3)
<

for all y € R", then, (i). All x(¢) € R™ are bounded. (ii). x(¢) will remain in the compact Q2 = {x(¢)

V(0) + £}, and satisfy lim, ., [x(t)| < \/%-

Lemma 2[16]: Matrices M and C satisfy Vo € R", 7 (M — 2C)z = 0.

2.2 System model with uncertainties and Neural Networks:

Limited by economic cost and measurement technology, the matrices M, GG, C of system (2) is
generally difficult to construct accurately in practice, and G, C can be written as C = C' + AC and
G = G + AG, where % is the known part and Ax is the unknown part. Then 2 can be rewriten as with
the system uncertainties,

Cbl = T2
[tg:M_I[T—axg—ACIQ—a—AG—f]. (4)
Considering the tracking errors z; = z; — x4 and 23 = x93 — «, where « is the virtual controller and
will be designed later, the system 4 can be rewritten as
i'l = X2
Ty = M_l[T—CZQ—GCY—a‘i‘M—f—f—MOZ] (5)
where y = —ACa — AG — Ma € R
In the following control design, M can not be used by controller, and radial basis function neural
network (RBFNN) will be used to estimate unknown function p. In fact, for any continuous function
h(z), it can be represented as
h(z) = WTS(z) +e,

where W = [, Ws, ..., Wy]T € RYN is the weight vector and ¢ > 0 denotes the approximation
error. S(z) = [Si(z),..., Sn(x)]" with the NN node number N > 1, and can be chosen as the
Gaussian functions as:

2 — vl
Ai
where 1; € R™ is the center with \; € R™ being width.

Si(x) = exp[— l,i=1,..,N

Lemma 3[11]: The RBFNN approximation error ¢ is bounded, i.e. |e| < ¢,, where ¢, is an unknown
constants.
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3. Control Design

3.1 Backstepping-based Control

In the following, NN-based backstepping controller is provided.
Step 1: We construct the candidate Lyapunov function as

1

Vi= 52?21.
Differentiating V; yields that
Vi = 2l +a—ig)
< %lezl + %Zgzz + 2T (o — g). (6)
Take the virtual controller as
14 2r

where r; > 0 is a design parameter. From (6) and (7), we have

. 1
Vi< —rizz+ 52322. (8)

Step 2: Consider the candidate Lyapunov function as

1 1~ rs
%:%+525M22+§WTW,

where W = W — W, and W is the estimation of W, and W = (W1, Ws]T and [ Wi Wy ] [ 51 1 +

{ Zl } = u. Taking the derivative of V%, one obtains the following expression
2

Vg:Vl—l—zQTM,ég—l—zQTMzQ—WTWS —rllezl
1 _ _ ~ A
+522TZQ+ZQT(T—Ca—G+u—f)—WTW.

Recalling that || f|| < 6, then we design the control input 7 and the adaption law 1 and 6 as

1+2 — — A
- +2 " 4 CatG—WTS
~ 1
ﬁ/ = zQTS—mW
é = 2[12522—0'29 (9)

Then time derivative of V5 atisfys

Vg < —rllezl - TQZQTZQ — llz2Tz2 — Z2Tf
—2l1zgzz9 + o WIW + Z2T€ (10)
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Using Young’s inequality obtains

1
—ZQTf < 2l122 290 + 2_l1

2

€
Zgﬁ S l12522+4_;1

Then (10) can be rewritten as

Vy < —r12] 21 — Toza 29 + 20122 290 — 2112";22@
1 2
WIW + — + = 1
+01 + o + 4l1 (1)

—%O’leW + s WIW + 05076. Now one can give the first result in the following theorem.
Theorem 1: Suppose the (2) satisfies Assumption 1-2. Then, the NN-based adaptive controller (10)
can guarantee the control objectives O; — O, achieved.
proof: We design the Lyapunov functional candidate as

1-
V=V+ 592, (12)

where § = § — 6. Then using (9) and (10), it can simply obtain

V < —rlzle — rgzg,ZQ + o WIw
2

20, 411

+O’2

Note that the following inequality holds
aW'w = o Wh(Ww —Ww)
< 01(—%WTW + %WTW)
02070 = 0,670 —0)
< 02(—%975 + %GTG)
By substituting the above inequalities into (13) has

) 1 e 1
V < —rlzle - rgz;FZQ - 501WTW - 5029T9

2

+2"1 TR
< —cV+A (14)
where ¢ = min{2r, =" Yot 201, 205} and A = 10yWTW + 1026760 + 5~ + . Using Lemma 1,

it can be concluded thatt e control objectives O, and Oy are achleved WhICh complete the proof of
Theorem 1.
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3.2 FV-based Control

In this section, the control strategy filtering variables will be proposed. Firstly, a novel filtering
variable is defined as s = e + ¢, where e = x — x4, x = ¢, and 3; > 0. Then we rewrite system (1)
as

i=MYr—f)+ MY -Ci-Q). (15)

Differentiating s gets s = M~Y(7 — f) + M~Y(—C% — G) + L, where L = {j; + 31¢é. In order to solve
computational resources, we further generalize Lemma 4 as follows.
Lemma 4: For any continuous function h(x) in, one further has

h(z) IWEIIS (@)1l + €.

<
< ap(z)

where a = max{||W7||, .} and p(x) = ||S(z)|| + 1. The remaining control design is divided into two
steps.
Step 1: Cosider the candidate Lyapunov function as

1
Vi= §8TM8 (16)

Similar to 3.1, one has
Vi = sTMs+ %STMS
= s (r—f—-Ci—G+Cs)+s"ML.
To account for system uncertainties, V1 should be rewritten as

Vi = s'(r—f—-Ci—ACi—G—AG

+Cs+ ACs+ ML+ AML)
= s'(r—f-Ci—-G+Cs
+ML +7), (17)

wherei = —ACt — AG+ ACs+ AML.
Since || || is continuous, then with the help of Lemma 5 and Cauchy-Buniakowsky-Schwarz inequal-
ity, we have

s < sl
< |Is||ap. (18)
Design the controller and the adaption laws as
T = —nrs+C0i+G—Cs— ML
B 2562 B sa2p?
\/||3H2é2 Lot VIslPae? +oft)?

i = 2l
6 = llsle. (19)
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where 6§ and @ are the estimations of 6 and a. o(t) is a positive function which satisfies f(f o(s)ds <

lim fot o(s)ds < o, where o, > 0 is a constant.
t——+oo

Now, we can give the second result of this paper.

Theorem 2: Considering system (1) under Assumptions 1-2, if the control law he adaptive laws are

designed as (19), the control objectives Q; — O, can be guaranteed.
proof: One picks up the candidate Lyapunov function as

V=V+ %&2 + %éz
where @ = a — a and 0 = 0 — . The derivative of V' gives
V=V, —ai— 06
Substitute 7 and (19) into V gets

Vo= Vi—aa—dé

- 2||51262
< —s"(fat+ f) - - + ||sl|lap
[|5]|20% + o(t)?
— I51°a¢" —aa — éé —rsts
VIsll2a2e? + o(t)?
251262
< 2fslo + [Isflag — —=202] T
[|5]1262 4 o(t)?
| s][2a%p? . 2
o 252,42 2 o _90
VIsllPa?e? + o(t)
Note that
2| 5(|262 R
”f” < —2||s]| + 20(t)
[|5]|20% + o(t)?
|s]|?a*¢? .
—||s|lag + o(t).

VISIPaRE +oftE
Then one further has
V< 2|ls[l6 + [[sllae + 3o(t) — r1"s
i — 60
< —rysTs+ 30(t).

Integrating (22) over [0, ¢] gets

t
V(t) + 7”1/ s sdr < 3o.,.
0

(20)

(21)

(22)

(23)

It can be concluded that V (t) € L., which means all signals in the closed loop system 1. Based on
this result, one obtains that 5(¢) € L... Since that e;(t) € Lo, then, by using Babalat's Lemma, we

know that lim, ., s(t) = 0, which implies that objective Q; — Q, are achieved.
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Remark 1 The design of 3.1is a bounded control, that is, the tracking error is globally uniformly
bounded, while FV-based control can achieve zero error control, i.e. the tracking error is asymptotically
stable.

Remark 2 In terms of both controller structure and computational effort, FV-based methods pro-
vide a streamlined and efficient alternative to backstepping, making them particularly attractive for
real-time applications.

4. Simulation Results

To exemplify the effectiveness of the proposed control scheme, we consider the robotic manipu-
lator system with the following (Tab. 1) physical parameters.

Table 1: Parameters of the manipulator.

Parameter  Description Value

my the mass of link 1 2.0 kg

Mo the mass of link 2 0.85 kg

I the length of link 1 0.35m

Iy the length of link 2 0.31m

I the inertia of link 1 61.25 x 1073 kgm?
I, the inertia of link 2 20.42 x 1073 kgm?
g the earth acceleration 9.8 m/s?

Assuming that only 60%’ information of matrix C, G, M are known, and the reference signal is
given as x4 = [sin(t), cos(t)]T. The mutiple disturbances is set as f = f, + fi, where f, comes from

fs = Fwand f; = [0.1sin(¢),0.1cos(#)]”. In addition, w = Mw, and M = (_8'5 _8 1) and
10 20
F= < 5 6 )

4.1 Backstepping-based Control

In this part, we simulate the algorithm in 3.1. The control parameters are selected as r; = 10,
ry = 10,1y = 0.3, o1 = 0.002, 0, = 0.1. The initial value of system are set as z;(0) = [0.3,0.7]%,
2(0) = [0,0]7, W (0) = 0,and A(0) = 0. Itis seen from Fig. 3 that the desired tracking goal is achieved
and all states are bounded. Fig. 4-5 show the tracking errors, and Fig. 6 illustrates the approximation
of the ;1 = [u1, p2] by RBFNNS. Fig. 7 displays adaptive parameters and Fig. 8 gives the control signals.

4.2 FV-based Control

In this section, we choose the same initial values of the system as 4.1 with @ = 0 =0.5, ry =01 =
10, and o(t) = exp(—0.2t). For simplicity, denote q as z; = [z11, 212]" and ¢ as x5 = [z91, T22]". The
simulation results can be seen in Figs. 9-13. Fig. 9 shows the excellent tracking performance of the
FV-based control. From Figs. 3-5 and Figs. 8-10, it can be concluded that a higher tracking precision
can be achieved by using FV-based control, which supports the Remark 1. It can be seen from Fig.
1 that ||| < ae holds as time goes by, which implies that the adaptive parameter a can estimate a
well. The adaptive parameters 0 and a are given by Fig. 12. Fig. 13 shows the control signals.
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5. Conclusions

In this paper, we study the backstepping-based control and FV-based control for a 2-link manipu-
lator. The system model under multiple disturbances and uncertainties is established. The proposed
control schemes can overcome the lumped uncertainties and multiple disturbances well with the help
of NN-based adaptive updating law.
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