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Complex Fermatean fuzzy sets (CFFSs) combine complex fuzzy sets and Fermateanfuzzy sets, with membership, non-membership, and neutral degrees representedas complex numbers, thus enabling a more flexible and comprehensive represen-tation of uncertainty. Nevertheless, a key unresolved challenge is how to measurethe differences of CFFSs in decision-making processes appropriately. This paperintroduces a new divergence measure based on CFFSs, aiming to overcome thelimitations of existing measures. The proposed measure has been thoroughly vali-dated to meet the required axioms, with its reliability and effectiveness confirmedthrough numerical comparisons. Additionally, we apply the proposed divergencemeasures to a post-flood assessment application, demonstrating their high con-fidence and consistency.
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1. Introduction
In decision-making, uncertainty and vagueness are pervasive and extend into virtually all areas ofdaily life [1, 2]. Addressing such uncertainty has become a key challenge in decision-making processes[3]. In recent years, several theories such as fuzzy sets [4, 5], complex fuzzy sets [6, 7], and evidencetheory [8] have been developed to address such issues. Fuzzy set theory, introduced by Zadeh [9],marked a key development in this field. Fuzzy sets (FSs), based on membership degrees, providea way to handle uncertainty beyond traditional set theory. Following this, Atanassov [10] introducedintuitionistic fuzzy sets (IFSs) with membership and non-membership degrees, widely used in decision-
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making [11, 12]. In IFSs, the sum of membership and non-membership degrees can not exceed one,limiting their use in some instances. Yger [13] further extended IFSs to Pythagorean fuzzy sets (PFSs)and have been employed to address decision-making problems [14–16]. Nevertheless, in PFSs, thesquares of the membership and non-membership degrees add up to no more than one. To addressthis issue, Senapati and Yager [17] proposed Fermatean fuzzy sets (FFSs), in which the sum of the cubesof the membership and non-membership degrees does not exceed one. Likewise, FFSs have garneredconsiderable interest and found application in decision-making contexts [18, 19].However, the fuzzy sets discussed above are limited to the real number domain and cannot beextended to complex-valued settings. To bridge this gap, Ramot et al. [20] introduced complex fuzzysets (CFSs), extending membership functions into the complex domain to provide a new perspectiveon uncertainty modeling. As an extension of CFSs, complex intuitionistic fuzzy sets (CIFSs) were intro-duced by Alkouri et al. [21] to express both membership and non-membership degrees using complexnumbers. Several studies concerning CIFSs have emerged in recent years [22, 23]. Yet, like IFSs, thesum of the membership and non-membership degrees in CIFSs must not exceed one. As a result, Ul-lah et al. [24] proposed complex Pythagorean fuzzy sets (CPFSs) and have been widely acknowledgedin subsequent research [25–27]. For instance, Labassi et al. [25] developed a Cartesian-based CPFSframework and tailored aggregation operators to enhance logical operations and decision-making.Khan [26] proposed CPFS-based decision-making tools for green supply chain problems. Recently,Akram et al. [28] introduced complex Fermatean fuzzy sets (CFFSs) to capture uncertain complex-valued information more effectively. Up to now, CFFSs have attracted some attention in the researchcommunity [6, 29, 30].Distance/divergence measures are key topics in fuzzy sets and have gained much attention fromresearchers [31–33]. So far, various distance or divergence measures have been proposed for IFSs,PFSs, and FFSs. For example, Gohain et al. [34] developed a symmetric distance measure for IFSs andproved effective in applications such as decision-making, pattern recognition, and clustering. Subse-quently, Ganie et al. [35] introduced a novel distance measure under the FFS framework, incorporatingall three membership functions, and demonstrated its effectiveness in pattern classification. Wu et
al. [33] proposed a new Jensen–Shannon divergence measure for IFSs and demonstrated its effective-ness in multi-attribute decision-making through a credit evaluation case study. In recent years, severalworks have focused on developing distance or similarity measures for CIFSs and CPFSs. For instance,Rani and Garg [36] developed new distance measures for CIFSs and applied them to decision-makingproblems in pattern recognition and medical diagnosis. Ullah et al. [37] presented CPFSs, establishedtheir fundamental properties and distance measures and validated their effectiveness through a mate-rial recognition problem. There has been a growing research interest in distance/divergence measuresfor CFFSs in recent studies. Liu et al. [6] proposed new distance measures for CFFSs based on classicalmetrics, and applied them to decision-making and clustering tasks to demonstrate their effectiveness.

Motivation: On the one hand, many traditional fuzzy sets have some drawbacks in real-world ap-plications. For example, although CIFSs include complex-valued membership (P) and non-membership(Q) degrees, they are limited by the condition: P2 +Q2 ⩽ 1. In comparison, CFFSs use a more flexi-ble rule: P3+Q3 ⩽ 1. This condition performs better and can better capture the complex interactionbetween membership and non-membership. On the other hand, there are few studies on distance orsimilarity measures for CFFSs. Therefore, it is necessary to propose new measures to fill this gap andextend their use in applications.
Methods: This paper presents a new divergence measure for CFFSs, whose main properties arethen analyzed and formally proved. Finally, we apply the divergence measure to a post-flood assess-ment application based on CFFSs.
Contributions: The main contributions of this paper are summarized as follows:
• We propose a novel divergence measure for CFFSs.
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• We analyze and prove the main theorems related to the proposed divergence measure.
• We demonstrate the advantages of the proposed measure over existing ones through numericalcomparisons.
• We apply the proposed divergence measure to a post-flood assessment application to demon-strate its higher confidence and reliability compared to existing measures.
The structure of this paper is organized as follows: Section 2 reviews the basic concepts andpresents the existing distance measures. Section 3 introduces a new divergence measure for CFFSsand proves that it satisfies the related properties. Section 4 provides numerical comparisons betweenthe existing distance measures and the proposed divergence measure. Section 5 applies the proposeddivergence measure to a post-flood assessment application. Section 6 makes a conclusion.

2. Preliminaries
This section outlines the key concepts of fuzzy sets and reviews the existing distance measures forCFFSs.

2.1 Key Concepts of Fuzzy Sets

Definition 1 [10] Consider Γ = {ς1, ς2, ..., ςn} be a universe of discourse (UOD). An intuitionistic fuzzy
set (IFS) in Γ can be described as follows:

I = {⟨ςt,PI (ςt) ,QI (ςt)⟩ |ςt ∈ Γ } (1)
wherePI ,QI : Γ → [0, 1] denote the membership and non-membership degrees. Given any ςt ∈ Γ ,
it follows that

0 ⩽ PI (ςt) + QI (ςt) ⩽ 1 and RU (ςt) = 1− PI (ςt)− QI (ςt)

where RU : Γ → [0, 1] represents the degree of neutral.

Definition 2 [21] A complex intuitionistic fuzzy set (CIFS) in Γ is represented as:

U = {⟨ςt,PU (ςt) ,QU (ςt)⟩ |ςt ∈ Γ } (2)
where PU ,QU : Γ → {z : z ∈ C, |z| ⩽ 1} denote the degrees of complex-valued membership and
non-membership, respectively, and are given by:

PU (ςt) = ℘U (ςt) e
2πiW℘U (ςt) , QU (ςt) = γU (ςt) e

2πiWγU (ςt)

where ℘U (ςt) , γU (ςt) ∈ [0, 1] and 0 ⩽ ℘U (ςt) + γU (ςt) ⩽ 1. Similarly, W℘U (ςt),WγU (ςt) ∈ [0, 1] and
0 ⩽ W℘U (ςt) +WγU (ςt) ⩽ 1. Moreover, the neutral degree is referred to as:

RU (ςt) = 1− PU (ςt)− QU (ςt) = ηU (ςt) e
2πiWηU (ςt)

where ηU (ςt) = 1− ℘U (ςt)− γU (ςt) andWηU (ςt) = 1−W℘U (ςt) −WγU (ςt).
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Definition 3 [13] A Pythagorean fuzzy set (PFS) in Γ is defined as follows:

I = {⟨ςt,PI (ςt) ,QI (ςt)⟩ |ςt ∈ Γ } (3)
wherePI ,QI : Γ → [0, 1] express themembership and non-membership degrees. Given any ςt ∈ Γ ,
it follows that

0 ⩽ P2
I (ςt) + Q2

I (ςt) ⩽ 1 and RU (ςt) =
√
1− P2

I (ςt)− Q2
I (ςt)

where RU : Γ → [0, 1] represents the degree of neutral.

Definition 4 [24] A complex Pythagorean fuzzy set (CPFS) in Γ is stated as:

U = {⟨ςt,PU (ςt) ,QU (ςt)⟩ |ςt ∈ Γ } (4)
where PU ,QU : Γ → {z : z ∈ C, |z| ⩽ 1} denote the degrees of complex-valued membership and
non-membership, respectively, and are given by:

PU (ςt) = ℘U (ςt) e
2πiW℘U (ςt) , QU (ςt) = γU (ςt) e

2πiWγU (ςt)

where ℘U (ςt) , γU (ςt) ∈ [0, 1] and 0 ⩽ ℘2
U (ςt) + γ2

U (ςt) ⩽ 1. Similarly, W℘U (ςt),WγU (ςt) ∈ [0, 1] and
0 ⩽ W 2

℘U (ςt)
+W 2

γU (ςt)
⩽ 1. Moreover, the neutral degree is referred to as:

RU (ςt) =
√
1− P2

U (ςt)− Q2
U (ςt) = ηU (ςt) e

2πiWηU (ςt)

where ηU (ςt) =
√
1− ℘2

U (ςt)− γ2
U (ςt) andWηU (ςt) =

√
1−W 2

℘U (ςt)
−W 2

γU (ςt)
.

Definition 5 [17] A Fermatean fuzzy set (FFS) in Γ is represented as follows:

I = {⟨ςt,PI (ςt) ,QI (ςt)⟩ |ςt ∈ Γ } (5)
wherePI ,QI : Γ → [0, 1] express themembership and non-membership degrees. Given any ςt ∈ Γ ,
it follows that

0 ⩽ P3
I (ςt) + Q3

I (ςt) ⩽ 1 and RU (ςt) =
3

√
1− P3

I (ςt)− Q3
I (ςt)

where RU : Γ → [0, 1] denotes the degree of neutral.

Definition 6 [28] A complex Fermatean fuzzy set (CFFS) in Γ is expressed as:

U = {⟨ςt,PU (ςt) ,QU (ςt)⟩ |ςt ∈ Γ } (6)
where PU ,QU : Γ → {z : z ∈ C, |z| ⩽ 1} denote the degrees of complex-valued membership and
non-membership, respectively, and are given by:

PU (ςt) = ℘U (ςt) e
2πiW℘U (ςt) , QU (ςt) = γU (ςt) e

2πiWγU (ςt)

where ℘U (ςt) , γU (ςt) ∈ [0, 1] and 0 ⩽ ℘3
U (ςt) + γ3

U (ςt) ⩽ 1. Similarly, W℘U (ςt),WγU (ςt) ∈ [0, 1] and
0 ⩽ W 3

℘U (ςt)
+W 3

γU (ςt)
⩽ 1. Moreover, the neutral degree is referred to as:

RU (ςt) =
3

√
1− P3

U (ςt)− Q3
U (ςt) = ηU (ςt) e

2πiWηU (ςt)

where ηU (ςt) =
3
√
1− ℘3

U (ςt)− γ3
U (ςt) andWηU (ςt) = 3

√
1−W 3

℘U (ςt)
−W 3

γU (ςt)
.
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2.2 Existing Distance Measures for CFFSs

This subsection introduces the existing distance measures for CFFSs. The shortcomings of thesemeasures and their comparisons will be discussed in Section 4. The existing distance measures forCFFSs proposed by Liu et al. [6] are presented below:The 2D Hamming distance measure for CFFSs:
D1

Ham (U ∥V ) =
1

4n

n∑
t=1

[
|℘3

U (ςt)− ℘3
V (ςt)|+ |γ3

U (ςt)− γ3
V (ςt)|+∣∣W 3

℘U
(ςt)−W 3

℘V
(ςt)

∣∣+ ∣∣W 3
γU

(ςt)−W 3
γV

(ςt)
∣∣ ] (7)

The 3D Hamming distance measure for CFFSs:

D2
Ham (U ∥V ) =

1

4n

n∑
t=1

 |℘3
U (ςt)− ℘3

V (ςt)|+ |γ3
U (ςt)− γ3

V (ςt)|
+ |η3U (ςt)− η3V (ςt)|+

∣∣W 3
℘U

(ςt)−W 3
℘V

(ςt)
∣∣

+
∣∣W 3

γU
(ςt)−W 3

γV
(ςt)

∣∣+ ∣∣W 3
ηU

(ςt)−W 3
ηV

(ςt)
∣∣
 (8)

The 2D Euclidean distance measure for CFFSs:
D1

Eu (U ∥V ) =

√√√√ 1

4n

n∑
t=1

[
(℘3

U (ςt)− ℘3
V (ςt))

2
+ (γ3

U (ςt)− γ3
V (ςt))

2

+
(
W 3

℘U
(ςt)−W 3

℘V
(ςt)

)2
+
(
W 3

γU
(ςt)−W 3

γV
(ςt)

)2 ]
(9)

The 3D Euclidean distance measure for CFFSs:

D2
Eu (U ∥V ) =

√√√√√√ 1

4n

n∑
t=1

 (℘3
U (ςt)− ℘3

V (ςt))
2
+ (γ3

U (ςt)− γ3
V (ςt))

2

+(η3U (ςt)− η3V (ςt))
2
+
(
W 3

℘U
(ςt)−W 3

℘V
(ςt)

)2
+
(
W 3

γU
(ςt)−W 3

γV
(ςt)

)2
+
(
W 3

ηU
(ςt)−W 3

ηV
(ςt)

)2
 (10)

The 2D Hausdorff distance measure for CFFSs:
D1

Hau (U ∥V ) =
1

2n

n∑
t=1

(
max {|℘3

U (ςt)− ℘3
V (ςt)| , |γ3

U (ςt)− γ3
V (ςt)|}

+max
{∣∣W 3

℘U
(ςt)−W 3

℘V
(ςt)

∣∣ , ∣∣W 3
γU

(ςt)−W 3
γV

(ςt)
∣∣} )

(11)
The 3D Hausdorff distance measure for CFFSs:

D2
Hau (U ∥V ) =

1

2n

n∑
t=1

 max

{
|℘3

U (ςt)− ℘3
V (ςt)| , |γ3

U (ςt)− γ3
V (ςt)| ,

|η3U (ςt)− η3V (ςt)|

}
+max

{ ∣∣W 3
℘U

(ςt)−W 3
℘V

(ςt)
∣∣ , ∣∣W 3

γU
(ςt)−W 3

γV
(ςt)

∣∣ ,∣∣W 3
ηU

(ςt)−W 3
ηV

(ςt)
∣∣ }

 (12)

The Hellinger distance measure for CFFSs:

DHe (U ∥V ) =

√√√√√ 1

4n

n∑
t=1

 (√
℘3
U (ςt)−

√
℘3
V (ςt)

)2

+
(√

γ3
U (ςt)−

√
γ3
V (ςt)

)2

+
(√

W 3
℘U

(ςt)−
√
W 3

℘V
(ςt)

)2

+
(√

W 3
γU

(ςt)−
√
W 3

γV
(ςt)

)2

 (13)

3. New Divergence Measure for CFFSs
This section introduces a new divergence measure for CFFSs, explaining it for CFFSs U and V . Ad-ditionally, we prove the properties of the proposed divergence measure.

131



Journal of Intelligent Decision Making and Granular ComputingVolume 1, Issue 1 (2025) 127-142
Definition 7 The new divergence measure between CFFSs U and V is defined as follows:

DT (U ∥V ) =
1

4n

n∑
t=1

 (℘3
U (ςt)−℘3

V (ςt))
2

℘3
U (ςt)+℘3

V (ςt)
+

(γ3
U (ςt)−γ3

V (ςt))
2

γ3
U (ςt)+γ3

V (ςt)

+
(W 3

℘U (ςt)−W 3
℘V (ςt))

2

W 3
℘U (ςt)+W 3

℘V (ςt)
+

(W 3
γU (ςt)−W 3

γV (ςt))
2

W 3
γU (ςt)+W 3

γV (ςt)

 (14)

Specially, when ℘3
U (ςt) = ℘3

V (ςt) = 0 , we define that (℘3
U (ςt)−℘3

V (ςt))
2

℘3
U (ςt)+℘3

V (ςt)
= 0. Others can be defined

similarly to the above.
Theorem 1 Consider three CFFSs, U , V andW , in UOD Γ . The properties of DT (U ∥V ) are described
as follows:

1. 0 ⩽ DT (U ∥V ) ⩽ 1.

2. DT (U ∥V ) = 0, if and only if U = V .

3. DT (U ∥V ) = DT (V ∥U ).

4. If U ⊆ V ⊆ W , DT (U ∥V ) ⩽ DT (U ∥W ) and DT (V ∥W ) ⩽ DT (U ∥W ).

Proof 1 Suppose that U and V are two CFFSs in UOD Γ , we can easily obtain DT (U ∥V ) ⩾ 0. Then,
we have:

DT (U ∥V ) =
1

4n

n∑
t=1

 (℘3
U (ςt)−℘3

V (ςt))
2

℘3
U (ςt)+℘3

V (ςt)
+

(γ3
U (ςt)−γ3

V (ςt))
2

γ3
U (ςt)+γ3

V (ςt)

+
(W 3

℘U (ςt)−W 3
℘V (ςt))

2

W 3
℘U (ςt)+W 3

℘V (ςt)
+

(W 3
γU (ςt)−W 3

γV (ςt))
2

W 3
γU (ςt)+W 3

γV (ςt)


⩽

1

4n

n∑
t=1

 (℘3
U (ςt)+℘3

V (ςt))
2

℘3
U (ςt)+℘3

V (ςt)
+

(γ3
U (ςt)+γ3

V (ςt))
2

γ3
U (ςt)+γ3

V (ςt)

+
(W 3

℘U (ςt)+W 3
℘V (ςt))

2

W 3
℘U (ςt)+W 3

℘V (ςt)
+

(W 3
γU (ςt)+W 3

γV (ςt))
2

W 3
γU (ςt)+W 3

γV (ςt)


=

1

4n

n∑
t=1

[
℘3
U (ςt) + ℘3

V (ςt) + γ3
U (ςt) + γ3

V (ςt)
+W 3

℘U
(ςt) +W 3

℘V
(ςt) +W 3

γU
(ςt) +W 3

γV
(ςt)

]
⩽ 1

Therefore, it can be easily concluded that 0 ⩽ DT (U ∥V ) ⩽ 1.

Proof 2 Given U = V in UOD Γ , we have:

℘3
U (ςt) = ℘3

V (ςt) , γ
3
U (ςt) = γ3

V (ςt) and W 3
℘U

(ςt) = W 3
℘V

(ςt) ,W
3
γU

(ςt) = W 3
γV

(ςt)

Namely,

℘3
U (ςt)− ℘3

V (ςt) = 0, γ3
U (ςt)− γ3

V (ςt) = 0 and W 3
℘U

(ςt)−W 3
℘V

(ςt) = 0,W 3
γU

(ςt)−W 3
γV

(ςt) = 0

Hence, it is evident that

DT (U ∥V ) =
1

4n

n∑
t=1

 (℘3
U (ςt)−℘3

V (ςt))
2

℘3
U (ςt)+℘3

V (ςt)
+

(γ3
U (ςt)−γ3

V (ςt))
2

γ3
U (ςt)+γ3

V (ςt)

+
(W 3

℘U (ςt)−W 3
℘V (ςt))

2

W 3
℘U (ςt)+W 3

℘V (ςt)
+

(W 3
γU (ςt)−W 3

γV (ςt))
2

W 3
γU (ςt)+W 3

γV (ςt)

 = 0
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Given any ςt ∈ Γ , if DT (U ∥V ) = 0, we can obtain:

DT (U ∥V ) =
1

4n

n∑
t=1

 (℘3
U (ςt)−℘3

V (ςt))
2

℘3
U (ςt)+℘3

V (ςt)
+

(γ3
U (ςt)−γ3

V (ςt))
2

γ3
U (ςt)+γ3

V (ςt)

+
(W 3

℘U (ςt)−W 3
℘V (ςt))

2

W 3
℘U (ςt)+W 3

℘V (ςt)
+

(W 3
γU (ςt)−W 3

γV (ςt))
2

W 3
γU (ςt)+W 3

γV (ςt)

 = 0

So, we have: (
℘3
U (ςt)− ℘3

V (ςt)
)2

= 0,
(
γ3
U (ςt)− γ3

V (ςt)
)2

= 0;(
W 3

℘U
(ςt)−W 3

℘V
(ςt)

)2
= 0,

(
W 3

γU
(ςt)−W 3

γV
(ςt)

)2
= 0.

Specifically,

℘3
U (ςt) = ℘3

V (ςt) , γ
3
U (ςt) = γ3

V (ςt) and W 3
℘U

(ςt) = W 3
℘V

(ςt) ,W
3
γU

(ςt) = W 3
γV

(ςt)

Hence, it is clear that DT (U ∥V ) = 0, if and only if U = V .

Proof 3 Suppose two CFFSs U and V in UOD Γ , we can get:

DT (U ∥V ) =
1

4n

n∑
t=1

 (℘3
U (ςt)−℘3

V (ςt))
2

℘3
U (ςt)+℘3

V (ςt)
+

(γ3
U (ςt)−γ3

V (ςt))
2

γ3
U (ςt)+γ3

V (ςt)

+
(W 3

℘U (ςt)−W 3
℘V (ςt))

2

W 3
℘U (ςt)+W 3

℘V (ςt)
+

(W 3
γU (ςt)−W 3

γV (ςt))
2

W 3
γU (ςt)+W 3

γV (ςt)


=

1

4n

n∑
t=1

 (℘3
V (ςt)−℘3

U (ςt))
2

℘3
V (ςt)+℘3

U (ςt)
+

(γ3
V (ςt)−γ3

U (ςt))
2

γ3
V (ςt)+γ3

U (ςt)

+
(W 3

℘V (ςt)−W 3
℘U (ςt))

2

W 3
℘V (ςt)+W 3

℘U (ςt)
+

(W 3
γV (ςt)−W 3

γU (ςt))
2

W 3
γV (ςt)+W 3

γU (ςt)


= DT (V ∥U )

As a result, it is obviously that DT (U ∥V ) = DT (V ∥U ).

Proof 4 Let U , V andW be three CFFSs over UOD Γ . In order to facilitate the proof, we first define a
binary function as follows:

f (x, y) =
(x− y)2

x+ y
(x, y ⩾ 0)

Thus, DT (U ∥V ) can be expressed as follows:

DT (U ∥V ) =
1

4n

n∑
t=1

[
f (℘3

U (ςt) , ℘
3
V (ςt)) + f (γ3

U (ςt) , γ
3
V (ςt))

+f
(
W 3

℘U
(ςt) ,W

3
℘V

(ςt)
)
+ f

(
W 3

γU
(ςt) ,W

3
γV

(ςt)
) ]

The partial derivatives of the binary function f (x, y) take the following form:

∂f (x, y)

∂x
=

(x− y) (x+ 3y)

(x+ y)2
,

∂f (x, y)

∂y
=

(y − x) (3x+ y)

(x+ y)2
.

It follows that, if x ⩽ y, then ∂f(x,y)
∂x

⩽ 0 and ∂f(x,y)
∂y

⩾ 0. This indicates the binary function f (x, y)

exhibits monotonicity: it is decreasing in x and increasing in y. Similarly, if x ⩾ y, then ∂f(x,y)
∂x

⩾ 0 and
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∂f(x,y)

∂y
⩽ 0. This indicates the binary function f (x, y) exhibits monotonicity: it is increasing in x and

decreasing in y.
If U ⊆ V ⊆ W , we can obtain ℘3

U (ςt) ⩽ ℘3
V (ςt) ⩽ ℘3

W (ςt), γ3
U (ςt) ⩾ γ3

V (ςt) ⩾ γ3
W (ςt) and

W 3
℘U

(ςt) ⩽ W 3
℘V

(ςt) ⩽ W 3
℘W

(ςt),W 3
γU

(ςt) ⩾ W 3
γV

(ςt) ⩾ W 3
γV

(ςt).
When x ⩽ y, we gain:

f
(
℘3
U (ςt) , ℘

3
V (ςt)

)
⩽ f

(
℘3
U (ςt) , ℘

3
W (ςt)

)
, f

(
W 3

℘U
(ςt) ,W

3
℘V

(ςt)
)
⩽ f

(
W 3

℘U
(ςt) ,W

3
℘W

(ςt)
)
;

f
(
℘3
V (ςt) , ℘

3
W (ςt)

)
⩽ f

(
℘3
U (ςt) , ℘

3
W (ςt)

)
, f

(
W 3

℘V
(ςt) ,W

3
℘W

(ςt)
)
⩽ f

(
W 3

℘U
(ςt) ,W

3
℘W

(ςt)
)
.

When x ⩾ y, we have:

f
(
γ3
U (ςt) , γ

3
V (ςt)

)
⩽ f

(
γ3
U (ςt) , γ

3
W (ςt)

)
, f

(
W 3

γU
(ςt) ,W

3
γV

(ςt)
)
⩽ f

(
W 3

γU
(ςt) ,W

3
γW

(ςt)
)
;

f
(
γ3
V (ςt) , γ

3
W (ςt)

)
⩽ f

(
γ3
U (ςt) , γ

3
W (ςt)

)
, f

(
W 3

γV
(ςt) ,W

3
γW

(ςt)
)
⩽ f

(
W 3

γU
(ςt) ,W

3
γW

(ςt)
)
.

To summarize, it follows that DT (U ∥V ) ⩽ DT (U ∥W ) and DT (V ∥W ) ⩽ DT (U ∥W ).

4. Numerical Comparisons
In this section, four numerical examples are provided to validate the proposed divergence mea-sure. Moreover, a detailed comparative study against existing distance measures highlights the ad-vantages of the proposed divergence measure.

Example 1 Consider three CFFSs, denoted as U , V , andW , as follows:

U =
{〈

ς1, 0.5e
2πi0.3, 0.4e2πi0.5

〉
,
〈
ς2, 0.3e

2πi0.4, 0.6e2πi0.3
〉}

,

V =
{〈

ς1, 0.5e
2πi0.3, 0.4e2πi0.5

〉
,
〈
ς2, 0.3e

2πi0.4, 0.6e2πi0.3
〉}

,

W =
{〈

ς1, 0.6e
2πi0.3, 0.4e2πi0.7

〉
,
〈
ς2, 0.5e

2πi0.4, 0.7e2πi0.5
〉}

.

We can obtain the result:

DT (U ∥V ) = 0.0000,DT (V ∥U ) = 0.0000;

DT (U ∥W ) = 0.0351,DT (W ∥U ) = 0.0351.

It is confirmed by these results that the divergence measure DT (U ∥V ) satisfies properties 2 and 3.
Example 2 Given three CFFSs U , V andW expressed as follows:

U =
{〈

ς1, 0.2e
2πi0.1, 0.7e2πi0.5

〉
,
〈
ς2, 0.3e

2πi0.3, 0.6e2πi0.7
〉}

,

V =
{〈

ς1, 0.3e
2πi0.4, 0.5e2πi0.3

〉
,
〈
ς2, 0.4e

2πi0.5, 0.5e2πi0.4
〉}

,

W =
{〈

ς1, 0.6e
2πi0.5, 0.4e2πi0.2

〉
,
〈
ς2, 0.5e

2πi0.6, 0.3e2πi0.2
〉}

.

Then, we can get:

DT (U ∥V ) = 0.0662,DT (U ∥W ) = 0.1608,DT (V ∥W ) = 0.0434.

These results indicate that

DT (U ∥V ) ⩽ DT (U ∥W ) ,DT (V ∥W ) ⩽ DT (U ∥W ) .

Therefore, it is clear that DT (U ∥V ) fulfills the property 4.
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Example 3 Consider two CFFSs U and V defined as follows:

U =
(
µe2πiν , νe2πiµ

)
,V =

(
νe2πiµ, µe2πiν

)
where the parameters µ and ν are constrained to the interval [0, 1] and satisfy µ3 + ν3 ≤ 1, which is
presented as 1a.

TheDT (U ∥V ) between U and V is measured, with the results shown in Figure 1b. From Figure 1b,
we can observe that when µ = ν, DT (U ∥V ) attains the minimum value of 0; when µ = 1, ν = 0 or
µ = 0, ν = 1, DT (U ∥V ) reaches the maximum value of 1.
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(a) 0 ⩽ µ, ν ⩽ 1 (b) µ3 + ν3 ⩽ 1

Fig. 1. Results under Example 3
Thus, it is evident that DT (U ∥V )meets the property 1.

Example 4 For each case i (where i = 1, 2, 3, 4, 5, 6), the specific numerical values of CFFSs U and V
are shown in Table 1. Accordingly, the results of different distance measures with six cases are shown
in Table 2.

From the results in Table 2 and Figure 2, it follows that the existing distancemeasuresD1
Ham,D2

Ham,
D1

Eu,D2
Eu,D1

Hau andD2
Hau produce identical outcomes in Case 1-4, revealing their inadequacy in effec-

tively distinguishing these cases. Likewise, the existing distance measure DHe yields the same results
in Case 5 and Case 6. Despite these challenges, the proposed divergence measure for CFFSs exhibits
enhanced robustness in distinguishing between various cases.

5. Post-Flood Assessment Application
In recent years, the increasing frequency of extreme weather events has led to frequent and se-vere flood disasters, characterized by high intensity and widespread impact. These events have causedsignificant disruptions to urban infrastructure, threats to population safety, and serious consequencesfor social and economic systems. After the flood, due to differences in topographical features, con-struction density, and disaster-bearing capacity, the extent of damage across different regions oftenexhibits significant variation. Under such uncertain, vague, and complex conditions, quickly identify-ing the areas that require the most urgent assistance has become a key challenge for effective disasterresponse and the proper allocation of recovery resources.
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Table 1Two CFFSs for six cases in Example 3
CFFS Case 1 Case 2

U ⟨ς, 0.7368e2πi0.7663, 0.6694e2πi0.7047⟩ ⟨ς, 0.7047e2πi0.7368, 0.6694e2πi0.5848⟩

V ⟨ς, 0.8434e2πi0.8193, 0.5848e2πi0.5848⟩ ⟨ς, 0.7663e2πi0.6694, 0.5313e2πi0.7368⟩

CFFS Case 3 Case 4
U ⟨ς, 0.7368e2πi0.7937, 0.6694e2πi0.5848⟩ ⟨ς, 0.6694e2πi0.6694, 0.7937e2πi0.7368⟩

V ⟨ς, 0.8662e2πi0.7368, 0.5848e2πi0.7368⟩ ⟨ς, 0.7368e2πi0.8193, 0.6694e2πi0.6694⟩

CCFS Case 5 Case 6
U ⟨ς, 0.7114e2πi0.4966, 0.3420e2πi0.2823⟩ ⟨ς, 0.3969e2πi0.6300, 0.3969e2πi0.4481⟩

V ⟨ς, 0.4481e2πi0.5872, 0.5429e2πi0.3969⟩ ⟨ς, 0.4966e2πi0.3420, 0.4966e2πi0.6300⟩

Table 2The results of various distance/divergence measures in Example 4
Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

D1
Ham 0.1375 0.1375 0.1625 0.1625 0.1275 0.1225

D2
Ham 0.1750 0.1750 0.2250 0.2250 0.1950 0.1650

D1
Eu 0.1436 0.1436 0.1750 0.1750 0.1543 0.1387

D2
Eu 0.1541 0.1541 0.1969 0.1969 0.1818 0.1531

D1
Hau 0.1750 0.1750 0.2250 0.2250 0.1750 0.1350

D2
Hau 0.1750 0.1750 0.2250 0.2250 0.1950 0.1650

DHe 0.1185 0.1356 0.1416 0.1391 0.1936 0.1936
DT 0.0277 0.0359 0.0393 0.0380 0.0681 0.0666
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Fig. 2. Comparisons of different distance/divergence measures in six cases
To address this, we apply the novel divergence measure for CFFSs to identify and rank priorityregions in post-flood assessments. Then, we define four representative flood-affected regions: tradi-tional residential area (R1), high-rise urban area (R2), urban-rural fringe community (R3), and urbanecological function zone (R4). To comprehensively reflect the extent of damage across regions, fourevaluation criteria are established for decision-making: infrastructure damage (C1), population dis-placement (C2), public service disruption (C3) and economic impact (C4). Based on this, the specificevaluation steps are as follows:

Step 1: Construction of the reference set

A reference set (R) is established to represent a severely affected region under flood conditions.Each criterion (Ct, where t = 1, 2, 3, 4) is evaluated by experts and represented by the CFFS value.

R =

{
⟨C1, 0.7937e

2πi0.7663, 0.5848e2πi0.7047⟩ , ⟨C2, 0.7368e
2πi0.7047, 0.6694e2πi0.7047⟩

⟨C3, 0.7663e
2πi0.7368, 0.6300e2πi0.7368⟩ , ⟨C4, 0.6300e

2πi0.7937, 0.7937e2πi0.7368⟩

}
Step 2: Formation of the decision matrix

Each region Ri (i = 1, 2, 3, 4) is assessed separately by experts according to the four criteria Ct(t = 1, 2, 3, 4). These evaluations are expressed using CFFSs and form a decision matrix, shown inTable 3.
Step 3: Distance calculation

The distance between each region Ri (i = 1, 2, 3, 4) and the reference region R is calculatedusing the existing distance measures and the proposed divergence measure. A smaller distance meansthe region is more similar to the reference, which shows it was more seriously affected by the floodand action is more urgent.
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Table 3The decision matrix is constructed for selection of the most flood-affected region

Region C1 C2

R1 ⟨ς, 0.7937e2πi0.7663, 0.5848e2πi0.7047⟩ ⟨ς, 0.7368e2πi0.7047, 0.6694e2πi0.7047⟩

R2 ⟨ς, 0.8193e2πi0.6694, 0.5848e2πi0.7663⟩ ⟨ς, 0.7368e2πi0.7663, 0.7368e2πi0.6694⟩

R3 ⟨ς, 0.5848e2πi0.7047, 0.7047e2πi0.7663⟩ ⟨ς, 0.7368e2πi0.7937, 0.63002πi0.6694⟩

R4 ⟨ς, 0.8662e2πi0.6300, 0.5848e2πi0.7937⟩ ⟨ς, 0.6300e2πi0.7937, 0.8434e2πi0.5848⟩

Region C3 C4

R1 ⟨ς, 0.7663e2πi0.7368, 0.6300e2πi0.7368⟩ ⟨ς, 0.6300e2πi0.7937, 0.7937e2πi0.7368⟩

R2 ⟨ς, 0.6694e2πi0.6694, 0.7368e2πi0.7663⟩ ⟨ς, 0.7368e2πi0.8193, 0.5848e2πi0.7368⟩

R3 ⟨ς, 0.6300e2πi0.6694, 0.6694e2πi0.7663⟩ ⟨ς, 0.7368e2πi0.7937, 0.5313e2πi0.4642⟩

R4 ⟨ς, 0.5313e2πi0.6694, 0.7368e2πi0.7368⟩ ⟨ς, 0.7663e2πi0.7368, 0.5848e2πi0.7663⟩

Step 4: Priority Ranking of Regions

To clearly identify the most affected region, the computed values are sorted in ascending order,namely R1 < R2 < R4 < R3. As shown in Table 4, all distance results indicate that R1, traditionalresidential area, has the closest value to the reference set. This suggests that the traditional residentialarea (R1) experiences the most severe flood impact and should receive priority in recovery efforts.The result provides practical guidance for government departments and emergency responders onorganizing recovery efforts following the flood.
Step 5: Evaluation of DoC

Although the results from different distance measures are consistent, their ability to accuratelyidentify the most affected region differs. Thus, further analysis is needed. For example, D1
Ham and

D1
Hau produce identical results for both R2 and R4. Therefore, a new performance metric, known asthe Degree of Confidence (DoC), is introduced by Hatzimichailidis et al. [38]. This factor assesses theconfidence level of distance/divergence measures in accurately identifying a region as belonging toclass t and is defined by the following formula Eq. (15). The results are represented in Table 4.

DoC =
n∑

i=1,i ̸=t

|D (Rt,R)−D (Ri,R)| (15)
Based on the results in Table 4 and Figure 3, DT shows higher DoC values. This indicates that the pro-posed divergence measure is the most confident in identifying R1 as the area most severely affectedby the flood. This analysis can help decision-makers determine the most reliable divergence measurefor this situation and inform their next steps.
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Table 4The results of distance/divergence measures and DoC

(R1,R) (R2,R) (R3,R) (R4,R) Ranking Result DoC
D1

Ham 0.0844 0.1344 0.2094 0.1344 R1 < R2 = R4 < R3 R1 1.3331
D2

Ham 0.1125 0.1750 0.2875 0.1875 R1 < R2 < R4 < R3 R1 1.4098
D1

Eu 0.0927 0.1442 0.2274 0.1452 R1 < R2 < R4 < R3 R1 1.3293
D2

Eu 0.1173 0.1571 0.2568 0.1732 R1 < R2 < R4 < R3 R1 1.2340
D1

Hau 0.0938 0.1750 0.2750 0.1750 R1 < R2 = R4 < R3 R1 1.5125
D2

Hau 0.1125 0.1750 0.2875 0.1875 R1 < R2 < R4 < R3 R1 1.4098
DHe 0.0770 0.1240 0.2102 0.1319 R1 < R2 < R4 < R3 R1 1.5006
DT 0.0118 0.0302 0.0820 0.0338 R1 < R2 < R4 < R3 R1 2.7148

Fig. 3. The values of DoC for the distance/divergence measures

6. Conclusions
This paper introduces a new divergence measure based on CFFSs to address the limitations ofexisting measures. We thoroughly analyze the mathematical properties of the proposed divergencemeasure, proving their non-negativity, and symmetry, and other key characteristics. These proper-ties ensure that our measure is not only theoretically sound but also practical for use in real-worlddecision-making problems. Several numerical comparisons are conducted to assess the performanceof the proposed measure against existing distance measures for complex fuzzy setting. The results
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demonstrate that the new measure outperforms previous measures in terms of flexibility and accu-racy. Furthermore, the proposed measure is validated through an application involving post-floodregion prioritization, where it effectively captures the critical factors for decision-making, showcasingits practical utility. While this study represents a significant advancement in the theory and appli-cation of CFFSs, there are still several avenues for future research. For instance, further explorationcould focus on developing additional aggregation operators and optimization algorithms that leveragethe divergence measure for multi-criteria decision analysis. Additionally, extending the application ofCFFSs to other areas, such as medical diagnosis, environmental monitoring, and artificial intelligence,could further demonstrate the versatility and effectiveness of the proposed measure.
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